We derive explicit and precise formulae for 3 by 3 error matrix of particle transverse momentum, direction and impact parameter. The error matrix elements are expressed as functions of up to fourth order statistical moments of the measured coordinates. The formulae are valid for any curvature and track length in case of negligible multiple scattering. The calculation is compared with formulae derived by Gluckstern for curvature and direction. We show that Gluckstern formulation is valid at the limit of small L=R, ratio between the track length and radius of curvature.
Introduction
Search for massive new particles such as Higgs boson in high energy experiments involves measurement of high transverse momentum particles. Therefore an important feature of the detector is its capability to measure high p t trajectory parameters with a good precision. In designing new detectors one normally has to use sophisticated program codes in order to understand the resolution requirements of a heterogeneous detector system often consisting of several detector types with variable resolutions. Explicit precision formulae easy to use are therefore of great interest. In this paper we derive new formulae for this purpose.
Earlier works exist on explicit calculation of particle measurement precision. Amongst the most frequently cited is Gluckstern's evaluation of uncertainties in particle momentum and direction due to multiple scattering and measurement errors [1] . Gluckstern uses parabola description of the projected trajectory. In this early work no impact parameter uncertainties were considered. Since the discovery of higher flavour particles the impact parameter analysis has become an important method to enhance the experimental event samples with short living flavour particles. In a more recent work Innes [2] uses the Gluckstern formulation and derives analytic error estimates also for the impact error for homogeneous detector system of many detector layers.
The emphasis there was to optimize errors in the low p t regime where multiple scattering is important.
In uniform magnetic field and with negligible multiple scattering the particle trajectory can be modeled as a helix whose projection on the plane normal to the magnetic field is a circular arc. In this work we derive explicit covariance matrix by using the circle description instead of parabola approximation.
This article is organized in the following manner: In section 2 we define the notations and give an introduction to the formalism of the problem. In section 3 we derive the general solution for the covariance matrix independent of the trajectory length or curvature. In section 4 we consider the validity range of the 'straightening hypothesis' which Gluckstern uses in his paper and in section 5 we present simple error formulae applicable in the regime of high p t tracks. Finally in section 6 we consider a few examples and discuss also briefly the treatment of multiple scattering.
Problem formulation
The coordinate system (u; v) is defined such that the u-v-plane is normal to the magnetic field direction. It can be shown that in uniform magnetic field and in the absence of multiple scattering the offset " i of a measured point (u i ; v i ) from the particle trajectory can be written as [3] : = curvature (= 1=R where R is the radius of curvature) = direction of propagation at the point of closest approach d = impact parameter = distance of closest approach to the origin.
The expression (1) is valid even over a full trajectory loop unlike the parabola approximation used in Refs. [1] and [2] . It is also to be noted that the expression (1) is valid at the straight line limit ! 0. In the absence of point to point correlations the 2 function for the best fit parameters of the trajectory with N measured points (u i ; v i ) reads as:
where w i are weights defined as w i = ?2 i and i is the precision of the point (u i ; v i ) in the direction normal to the trajectory.
A highly precise explicit solution of the minimizing problem (2) can be written as [3] : i . The covariance between any two quantities, say a and b, is defined in the standard manner as ab = habi ? hai hbi where hai denotes a weighted average e.g. hui = P w i u i = P w i .
The emphasis of this paper is to consider the precision of the three parameters , and d in explicit terms. The covariance matrix of these parameters is calculated as the inverse of the symmetric weight matrix W whose elements are:
where we have denoted = 1 , = 2 and d = 3 . In an arbitrary frame of reference the explicit calculation of (4) and its inverse is infeasible. Using the covariance matrix invariance properties, however, one can invert the W matrix in a straightforward manner as shown in the next section. 
Explicit covariance matrix
i.e. the new x-axis is tangential to the trajectory at the origin (see Fig. 1 ). We denote the new coordinate axes as x and y. 
General case
In the coordinate system of Fig i . The algebra to calculate the weight matrix and its inverse can be found in Appendix 1. As the result we get the covariance matrix elements as functions of statistical moments of the measured coordinates: where C = S w xx r 2 r 2 ? ( xr 2 ) 2 ] ?1 and S w is the sum of weights. The above covariance formulae hold for any curvature and track length even for a closed trajectory loop in the absence of multiple scattering. We have verified these analytic formulae by comparison with a code [4] which performs numerically the calculation and inversion of the weight matrix (4) and found no significant difference. The error matrix (7) depends on the choice of origin. We call the origin as the reference point of the error matrix. The propagation of errors to a new reference point on the trajectory is simply performed b y transforming the coordinate system such that the new x-axis is tangential to the trajectory at the new reference point and using the transformed coordinates in eqs. (7). Notice, however, that the curvature variance is independent of the reference point.
Fit with vertex constraint
In case the emission point (vertex) of the particle is known to certain precision one simply adds it as an extra measured point with appropriate weight and uses the formulation derived above.
In the special case that the trajectory is forced to go through the vertex the formulation becomes somewhat simpler: the impact parameter d vanishes at the vertex and the covariance matrix becomes a 2 2 matrix.
Its derivation is straightforward and we give only the result in the following. We transform the origin of the coordinate system to the vertex point and perform a rotation such that the track direction coincides with the x-axis (as in Fig. 1 ). In this coordinate system the covariance matrix of and becomes: 
Tracks in zero magnetic field
In case of zero magnetic field one fits a straight line and the equation of residuals is:
Noticing again that the covariance matrix is invariant in rotation and translation normal to the trajectory, we compute the covariance matrix in the system where = d = 0. A brief calculation gives: 
Straightening hypothesis
, and by fitting parabola to a sample of hits assumed to be measured in zero magnetic field. Gluckstern states that this 'straightening hypothesis' can be proved, but he bypasses the proof.
In the following we show that this hypothesis is an approximation valid at the limit of small L where L is the track length in xy.
Counter examples
In order to show that Gluckstern's hypothesis is inexact at large curvature we compute of eq. (7) in special cases and compare the result with the one obtained with a straightened track. Let us take a half circle going through the points (-1,1), (0,0) and (1,1) for which = 1. When straightened, the corresponding points become (-1 2 ,0), (0,0) and ( 1 2 ,0). Assuming equal precision " (normal to the trajectory) for all points we get:
(exact) = In the following section we take a closer look and find the validity range of the straightening hypothesis.
Validity range
In order to simplify the calculation we study the validity range of Gluckstern straightening hypothesis in the special case in which: 1) points are uniformly spaced, 2) equally precise and 3) the number of points N is large.
We calculate the curvature variance in (7) as a function of the track length and compare the result with the Gluckstern formula.
Since
is invariant under translation of origin along the trajectory, we place the origin at the centre of track.
It follows then from the assumptions 1) and 2) that the terms hxi and xr 2 vanish so that in (7) becomes: 
To calculate the mean values in (12) we use the assumption 3) and replace necessary summations by integration.
Using x = 2R sin ' cos' and r = 2R sin ' which are valid when the trajectory is tangential to the x-axis at the origin (see Fig. 1 ), we can perform the necessary integrations along the trajectory as a function of the azimuth angle '. The ' variable translates to the path length variable s through ' = ? 1 2 =s so that the result is a function of the track length L. 
Similar expansions can be obtained for the other elements of the covariance matrix.
In the limit j Lj ! 0 the equation (13) approaches the Gluckstern [1] formula derived under the same conditions. One concludes that with the straightening hypothesis the curvature variance gets overestimated by a factor of about j Lj 2 =21 which is less than 2 % for j Lj < 0:65. This is equivalent to saying that the estimate of p t =p t by straightening method is in error by less than 1 % for tracks with total turning angle less than about 40 degrees.
Usually one is interested in the detector performance at the high p t limit. The above condition implies 
Practical error formulae
In the previous section we showed that for practical purposes one gets precise error formulae by performing the calculation in the trajectory system, i.e. as a function of length along the track, and neglecting terms higher or equal to second order in L. The elements of the curvature, direction and impact parameter covariance matrix become then: In the following we consider a few special cases and derive simple expressions for the covariance matrix elements. 
Uniform spacing of points
where " is the detector resolution and the 'propagation parameter' q is defined as q = (s ? hsi)=L. 
where f N = (N ? 1)=(N + 1). Notice that the variance of the impact parameter increases quadratically as a function of the extrapolation length q. This is to be compared with the case of non-zero magnetic field where the increase goes as fourth power in q.
Best curvature precision
Suppose we have N detectors with equally good point resolution ". Then one may ask what kind of detector spacing gives the best momentum resolution. In the following we consider the problem for both unconstrained and vertex constrained fits.
Unconstrained fit
We calculate in the frame of reference where hsi = 0 so that according to (14) 
It turns out that for minimal the points must be placed symmetrically about hsi = 0 so that s 3 vanishes.
Then the curvature variance is: 
Vertex constrained fit
In this case we calculate with the origin as the reference point. Using the path length coordinate s we get from eq. (8) 
Minimizing this with respect to the inner points 0 < s i < L we find that s i = s 0 = 0:5 s 
One can find the optimal fraction P = M=N by considering P as a continuous variable (large N) and mini- 
Full covariance matrix
So far we have considered the projection of the particle trajectory on the bending plane. The trajectory in 3D space is described by 5 parameters for which we choose , and d and the following two parameters:
= angle between the trajectory and the xy plane ('dip' angle) z 0 = z-coordinate of the d.c.a. point.
With this parametrization the 3D coordinates of the d.c.a. point on the trajectory are (d sin ; ?d cos ; z 0 ). The analytic calculation of the full 5 by 5 covariance matrix is not quite feasible. Instead, it is a straightforward calculation to derive the five parameters covariance matrix as a composition of diagonal blocks of a 3 by 3 matrix (for , , d) derived above and a 2 by 2 matrix (for , z 0 ). In this representation one ignores the possible correlation between the xy and z measurements, but the result is normally a very good approximation. For completeness we give the explicit covariance terms of the fitted and z 0 in the limit of large p t : where S v is the sum of z weights: S v = P z i ?2 and r is the radial coordinate as before. For fitted and z 0 we have tan = zr = rr and z 0 = hzi ? hri tan .
Multiple scattering
To a good approximation the multiple scattering (m.s.) contribution to the trajectory errors can be added quadratically to the errors due to detector resolution to obtain the total error. A more precise treatment of the m.s. contribution should be done numerically using e.g. the method described in Ref. [5] .
Here we just take an example for curvature variation due to m.s. which is given by [6] We see that in this case multiple scattering becomes significant for p t < 30 GeV and the relative transverse momentum error levels off to a constant value at lower transverse momenta.
